The expectation that aerodynamic drag will force the solids in a gas-rich protoplanetary disk to spiral in toward the host star on short timescales is one of the fundamental problems in planet formation theory. The nominal efficiency of this radial drift process is in conflict with observations, suggesting that an empirical calibration of solid transport mechanisms in a disk is highly desirable. However, the fact that both radial drift and grain growth produce a similar particle size segregation in a disk (such that larger particles are preferentially concentrated closer to the star) makes it difficult to disentangle a clear signature of drift alone. We highlight a new approach, by showing that radial drift leaves a distinctive "fingerprint" in the dust surface density profile that is directly accessible to current observational facilities. Using an analytical framework for dust evolution, we demonstrate that the combined effects of drift and (viscous) gas drag naturally produce a sharp outer edge in the dust distribution (or, equivalently, a sharp decrease in the dust-to-gas mass ratio). This edge feature forms during the earliest phase in the evolution of disk solids, before grain growth in the outer disk has made much progress, and is preserved over longer timescales when both growth and transport effects are more substantial. The key features of these analytical models are reproduced in detailed numerical simulations, and are qualitatively consistent with recent millimeter-wave observations that find gas/dust size discrepancies and steep declines in dust continuum emission in the outer regions of protoplanetary disks.
1. INTRODUCTION Much of the current research on circumstellar disks is focused on forging links to planet formation, specifically through difficult observational examinations of the disk material within a few tens of AU from its host star. By comparison, the outer reaches of these disks (∼hundreds of AU) receive little attention, despite being more easily accessible to current telescopes (especially at mm/radio wavelengths). Observations of the material at large disk radii are indirectly quite relevant to the planet formation process: the outer disk contains the majority of the mass reservoir available for making planets, and resolved measurements of its structure can potentially reveal clues to some fundamental disk evolution mechanisms (e.g., Andrews et al. 2009 Andrews et al. , 2010 .
In the context of the outer disk, a size seems like a basic property that can be easily inferred. However, resolved observations indicate that such a measurement is problematic: the apparent size depends on the adopted tracer. Radio interferometer data suggest that line emission from abundant molecules (e.g., CO) appears more spatially extended than continuum radiation from dust. In the initial studies of outer disk structures, this discrepancy was dismissed as an artifact of limited continuum sensitivity . The emission line tracers of molecular gas are highly optically thick, so even a small amount of gas far from the host star still emits at a detectable level (e.g., Beckwith & Sargent 1993) . But, the continuum emission at these wavelengths is optically thin (Beckwith et al. 1990) , so the corresponding radiation from dust was much too faint tbirnstiel@cfa.harvard.edu, sandrews@cfa.harvard.edu for those early observations. However, that explanation proved fleeting when the observed gas/dust size discrepancy persisted even after the sensitivity improved (Piétu et al. 2005 (Piétu et al. , 2007 Isella et al. 2007 ). An elegant solution proposed by Hughes et al. (2008) showed that a more appropriate model for the density profile in a viscous diskwith an exponential taper at large radii -reconciles the discrepancy (again through an optical depth/sensitivity effect).
Yet, remarkably, the continued improvement in data quality has revealed that even this solution is insufficient. The line/continuum size discrepancies remain an issue, leading some to speculate that there is an intrinsic, physical difference in the radial distributions of gas and dust such that the dust-to-gas mass ratio decreases with distance from the host star (Panić et al. 2009; Andrews et al. 2012; de Gregorio-Monsalvo et al. 2013; Rosenfeld et al. 2013) . Moreover, in the best currently available datasets, the continuum emission is found to exhibit a sharp decrease over a narrow radial range (∆r/r 0.1; Andrews et al. 2012; de Gregorio-Monsalvo et al. 2013) . This latter feature is tantalizingly reminiscent of the precipitous drop in the population of large bodies in the classical Kuiper Belt 50 AU from the Sun (Jewitt et al. 1998; Allen et al. 2001; Trujillo et al. 2001 ). Taken together, these attempts to measure disk sizes have forced observers to suggest that the radial profile of the dust-togas ratio features a steep decrease -an "edge" -in the outer regions of a protoplanetary disk. So far, a physical explanation for this feature is lacking, although it has anecdotally been associated with a profound change in the grain properties.
In this article, we develop theoretical models which suggest that both the gas/dust size discrepancy and the sharp dust edges observed in disks at radii of tens or hundreds of AU are natural, generic consequences of the growth and migration of solids in a viscously evolving gas disk. In Sections 2 and 3, we describe our calculations of this evolution in some relevant analytical limits: an "early" phase where an outer dust edge forms rapidly before substantial particle size evolution, and a "late" phase where particles have already reached a maximum equilibrium size. In Section 4, we verify these findings with more sophisticated numerical simulations that track the complete evolution, without these simplifying assumptions. Finally, in Section 5 we discuss the results and highlight how the analysis of resolved continuum and molecular line observations of disks can help empirically calibrate such particle evolution models in the near future.
2. EARLY PHASE In this section, we consider the radial migration of dust grains in the outer regions of a protoplanetary disk during an "early" phase, where the evolution of particle sizes has not yet progressed enough to significantly affect their dynamics. For simple assumptions about typical collisions, the growth (or size-doubling) timescale can be expressed as (Kornet et al. 2001; Brauer et al. 2008 )
with ǫ = Σ d /Σ g the dust-to-gas surface density ratio, Ω k the Keplerian orbital frequency, and S the sticking efficiency (taken to be unity). In the outer disk and for the grain sizes of interest here, the main source of collision velocities is turbulence (Ormel & Cuzzi 2007 , but see Section 5). For typical outer disk parameters, estimates of τ g (and the duration of this phase) are roughly 0.1 Myr. There are two primary radial transport mechanisms for dust embedded in a gas disk: (1) radial drift, caused by an angular momentum exchange between dust particles and the sub-Keplerian orbital motion of the gas; and (2) gas drag, produced by the coupling of dust particles in the gas flows controlled by viscous evolution. The dust velocity imparted by drift is (Nakagawa et al. 1986 )
with sound speed c s , Keplerian velocity V k , and gas pressure P . And the dust velocity introduced by gas drag is
with a gas radial velocity
where we assume
as a parametrization of the gas viscosity (Shakura & Sunyaev 1973) . In Eq. 2, we introduced the Stokes number St, a dimensionless size that characterizes the coupling strength between the dust and gas. The drag force is always in the Epstein regime for the regions of the disk and the particle sizes of interest here. In that case, the Stokes number at the disk mid-plane can be written as
where a is the grain radius and ρ s the internal density of the grain, assumed here to be 1.6 g cm −3 . To illustrate the dynamical behavior that these transport mechanisms have on dust particles, we need to first adopt a set of representative parameters that characterize the disk structure. The gas temperatures (i.e., sound speeds) influence the dust velocities, and the gas surface densities affect the dust-gas coupling. Here and throughout this article, we assume that the gas surface density profile can be described by the standard, self-similar solution to the viscous evolution equations presented by Lynden-Bell & Pringle (1974) or Hartmann et al. (1998) ,
(implying the turbulence parameter α t is constant), and that the temperature follows a power law,
Throughout this article, we assume γ = 1 and q = 1/2. Although this is not the most general case, it does significantly simplify the calculations we will perform, and finds some support through the modeling of gas emission lines observed in protoplanetary disks (e.g., Andrews et al. 2012) . We adopt a set of fiducial model parameters: a stellar host mass of 0.8 M ⊙ , initial disk mass of 0.01 M ⊙ , initial radius (r c ) of 20 AU, α t = 10 −3 , initial dust-togas ratio (ǫ) of 0.01 at all r, and a (fixed) temperature scaling such that T (1 AU) = 200 K. Here and in Section 3 we will keep the gas surface densities fixed for clarity, but we permit Σ g to evolve viscously in Section 4.
The initial size distribution of the dust incorporated into a disk is thought to resemble the interstellar medium (Mathis et al. 1977, hereafter MRN) , perhaps with some growth up to µm sizes (e.g., Ossenkopf & Henning 1994) . A common feature of such size distributions, derived either theoretically (e.g., Tanaka et al. 1996; Birnstiel et al. 2011) or observationally (e.g., MRN), is that most of the mass is contained in the largest grains. Since the transport velocities noted above also increase with grain size, we assume that the effective dust transport velocity is approximately equal to that of the largest grains. Here, we assume an initial size of 1 µm for the dust particles.
With those assumptions and adopted fiducial parameters, Figure 1 shows the radial velocity distribution of the dust surface density in the early phase, as well as the decomposed contributions from gas drag and radial drift individually, based on Eq. 2 and 3, respectively. In the following sections, we consider in more detail first the effects of drift only (Section 2.1), and then the combined impact of both drift and drag (Section 2.2) on the overall dust dynamics. Youdin & Shu (2002) derived an analytic solution to the advection equation for a case where radial drift is the only transport mechanism, assuming a fixed particle size and a power-law gas surface density profile (of infinite extent). They demonstrated that drift creates an outer boundary in the distribution of mm-sized particles that steepens as it moves in to smaller radii (see also Jacquet et al. 2012) . Similarly, Weidenschilling (2003) mentioned the truncation of the dust disk in models which included the growth and radial drift of dust particles.
Radial drift only
Here, we extend the work of Youdin & Shu (2002) by recognizing that this mechanism is more general, and applies to much smaller particle sizes if the coupling between the gas and dust is of the right strength. We argue that this is the case in the outer disk, since viscous models have an exponential taper in Σ g rather than a fixed power-law profile that extends indefinitely (see Eq. 7). The corresponding steep decrease in the gas pressure in the outer disk (i.e., the large dP/dr in Eq. 2) also enhances the dust/gas coupling (cf., Eq. 6), thereby dramatically boosting the drift velocity of an initial population of small grains.
For small particles with St < 1, the drift velocity in Eq. 2 can be approximated as
where St 0 is the Stokes number for grains of size a 0 at a surface density Σ 0 , and c c and V c are the sound speed and Keplerian velocity at r c , respectively. It is immediately clear in Eq. 9 that the inward speed beyond r c is exponentially rising, becoming much faster than for a power-law Σ g model. This causes even µm-sized particles to effectively spiral inwards, producing a sharp outer edge in the dust surface density distribution and leaving the very outer disk devoid of dust. After a basic introduction to the relevant dust transport equations (Appendix A), we derive an analytic solution in Appendix B that describes the early evolution of the dust surface densities, Σ d (r, t) (cf., Eq. B7), and the location of this outer dust edge, r e (t) (cf., Eq. B9). Figure 2 compares these analytic solutions (Eqs. B6, B7, and B9) to a direct, numerical calculation for a single particle size (a 0 = 1 µm). The top panel shows discrete steps in Σ d (r, t), and demonstrates that small dust is quickly removed beyond a sharp outer edge that drifts inward with time. The bottom panel tracks that edge location directly, finding that r e (t) decreases from ∼9 to 5 r c (in this example, 175 to 100 AU). As a comparison, we evolved the same initial dust distribution for a model with a power-law gas surface density profile, Σ g = Σ 0 (r/r c ) −1 (not shown in Fig. 2 ), and confirmed that Σ d does not appreciably change over the ∼0.1 Myr timescale on which these calculations are valid. Figure 2 shows slight differences in the edge position between the approximate analytical and numerical solutions: these are entirely due to the approximation used for the dust velocity, which becomes better for smaller r c . Solving Eqns. A6 and A7 using the exact velocity term (as is necessary in the next section) significantly improves their agreement.
It is worth a reminder that these solutions have so far neglected particle size evolution, by assuming a grain size that does not evolve with time. Ultimately, grain growth limits the applicability of our assumptions for this early phase, and effectively bounds the inward motion of the outer dust edge. That limit can be estimated numerically by evaluating Eq. B9 at the growth timescale, r min e ≃ r e (τ g ). For our fiducial model, r min e is roughly 6 r c , and for reasonable ranges of the key input parameters, we suggest that r min e can range between ∼3 and 8 r c . At very large distances outside this edge, the gas densities become so low that even small grains have St ≫ 1, and therefore the adopted approximations for dust transport in this phase do not apply (at large St, drift velocities are lower than assumed). In our fiducial model, this occurs for r 14 r c , although it should be noted that the dust surface densities at such radii are negligibly small. To summarize, the grain growth timescale imposes limits on the applicability of the early phase that can be translated into a specific radial range in the disk; in the case of our fiducial model, that range is ∼120-280 AU.
Radial drift and gas drag
Although we showed in Figure 1 that radial drift dominates the dust motion in the outer disk during the early phase, it is not the only relevant transport mechanism. Dust can also be dragged along with the viscously evolving gas disk. For St < 1, this radial motion is approximately equal to Eq. 4. We can get some intuition on how the dust evolves if both radial drift and gas drag are considered together by assuming the same, fixed Σ g as in Eq. 7 and solving for the dust transport equations in Appendix A using the sum of Eq. 2 and Eq. 3 as the effective velocity term. This assumption neglects the effects of evolution in Σ g , which would slightly modify the velocity term, but since significant surface density changes occur over the relatively long viscous timescale in the outer disk, these modifications have only a minor effect on the results during the early phase.
The impact on Σ d (r, t) and r e (t) when gas drag and radial drift are incorporated together is described analytically in Appendix C and shown graphically in Figure 3 . The outermost regions behave similarly to the drift-only case, since the u rd term dominates at large r. However, just inside the dust edge there is a notable increase in Σ d due to the outward motion of dust entrained in the viscous gas flow. Figure 1 demonstrates that this gas drag effect dominates the dust transport in a relatively narrow radial range. In essence, the outward -directed u gd from the viscously expanding gas disk and the inward -directed u rd converge near r e and lead to a pile-up of dust.
The location of r e shifts inward with time as in the drift-only case, but at some point the outward gas drag dominates and limits this evolution. This implies that the dust edge asymptotically approaches a minimum radius (r e ≥ r lim ) that can be estimated analytically,
where we have used the Lambert W[·] function (see Appendix C). The location of r lim , roughly 4 r c (80 AU) in our fiducial model, is marked as a dotted line in the bottom panel of Figure 3 . For our fiducial model, r lim is well inside the limit to the inward motion of the dust edge imposed by the grain growth timescale constraint described above (r min e
). But in principle, this drag-imposed limit on the dust edge location could be relevant in disks that are more turbulent (larger α t ) or have intrinsically longer growth timescales (e.g., brown dwarf disks).
To summarize, we have demonstrated analytically and numerically that the observational features noted in Sec- Figure 3 . (a) Analytical (solid) and numerical (dashed) calculations of the dust surface density evolution in the early phase as in Fig. 2 , but in this case including gas drag. Note the enhancement of Σ d near the dust edge, produced by the outward motion of dust entrained in the viscous gas flow. (b) The evolution of the outer dust edge including both radial drift and gas drag. In specific cases where the growth timescales (i.e., the duration of the early phase) are long or αt is high, the inward motion of the dust edge will be halted at a limiting radius where drift and drag are balanced (close to 80 AU in this case, see dotted line). Otherwise, the ultimate location of the dust edge will be set by the grain growth timescale (∼120 AU for our parameters, cf. dash-dotted line).
tion 1 -a sharp outer dust edge and corresponding decrease in the dust-to-gas ratio -are naturally generated by radial drift and, to a lesser extent gas drag, during an early phase in disk evolution, before substantial particle growth or viscous evolution have developed. In our fiducial example, the dust surface densities have decreased dramatically outside ∼5 r c (∼100 AU) within 0.1 Myr, before the grains have had a chance to grow beyond a few µm in size.
3. LATE PHASE While the "early phase" discussed in the previous section represents a good approximation for dust transport in the outer disk, the dust in the inner disk is evolving very quickly and cannot be treated as if it has a fixed grain size. The particle size distribution and its associated velocities are time-dependent and spatially varying at smaller radii, and therefore the system is best studied with detailed numerical simulations (see Section 4). However, if particle growth has progressed to the point that it is limited by effects like fragmentation or the rapid removal of larger grains due to radial drift, we can define an analogous "late phase," where particles have reached a maximum equilibrium size that depends on their distance to the host star. The timeframe where this late phase is valid depends intimately on the initial conditions and other parameters involved in the model, but a rough estimate of a few × 10 5 years is a reasonable approximation. Birnstiel et al. (2012) showed that, if particles are not first subject to a barrier to their growth, the motion induced by radial drift itself imposes a size limit by removing large particles faster than collisional growth can replenish them. That limit is set to the size where the corresponding drift and growth timescales are roughly equal, and has an associated drift velocity
Drift limited case
where the order-of-unity constant f d was taken to be 0.3. Comparing the drift limited transport velocity of Eq. 11 with the gas drag velocity, it can be shown that u rd > u gd so long as ǫ 0.01α t . We derive an analytic solution for Σ d (r, t) in Appendix D, assuming that dust is transported with this drift limited velocity. The resulting behavior is shown in Figure 4 (a), along with a comparison to the corresponding direct numerical calculations. Unlike in the early phase described in Section 2, drift according to Eq. 11 will not form a sharp outer edge by itself. Therefore, in this example, we have imposed an initial condition informed by the early phase results, such that the dustto-gas ratio is constant in the inner disk (ǫ = 10 −2 ), but drops steeply beyond r e ≃ 5 r c . Figure 4(a) shows that the dust disk will effectively retain this shape: the location of the edge is fixed, but the drop-off in Σ d gets progressively smoother as the dust mass homologously drains inward. The dust surface density in the inner disk is fed by the inward-drifting dust from the outer regions, and therefore follows the steady-state profile derived by Birnstiel et al. (2012) : the radial power-law index of Σ d (where Σ ∝ r −p ) is p d = (2 p g + 1)/4, which for a local gas surface density index of p g ≃ 1.2 gives rise to p d ≃ 0.85, in agreement with the measured slope of 0.90 in Figure 5 .
1
Transport along this radial drift barrier is selfregulating in the sense that the sizes particles can reach, and therefore also their drift speeds, depend on the dustto-gas ratio, ǫ. Consequently, a high ǫ produces fast drift motion and a rapid depletion of dust mass in the outer disk. Once ǫ is reduced as the disk evolves, particles are smaller and the decay of Σ d proceeds more slowly. As can be seen from Eq. 11, the sticking efficiency, S, acts in the same way: if S were 0.5 for the relevant grain sizes, then the drift timescales are twice as long, and the maximum sizes are twice as small.
Fragmentation limited case
A solution to the transport equations for the case where fragmentation limits the maximum grain sizes is derived in Appendix E. As for the drift limited case, no sharp outer edge is formed by this scenario itself. So, again, we impose an outer edge in the same way as the previous section, with an initial condition on ǫ(r) based on the calculations in Section 2. As long as there is still a significant outer disk that transports dust inwards, the inner regions in this scenario will generate a stationary Σ d profile with a power-law index p d ≃ 1.5, as derived by Birnstiel et al. (2012) .
The evolution of Σ d in the fragmentation limited case, shown in Figure 4 (b), is not self-regulating: particles drift at a constant rate that can be either fast or slow, depending on their size. Consequently, the outer dust edge moves inward as the disk evolves. If grain growth is limited by fragmentation, the edge can therefore be located substantially closer to the central stellar host.
COMPARISON TO DETAILED SIMULATIONS
We described above how dust transport processes in the "early" and "late" phases affect the dust surface density evolution in an analytic framework. However, to do this we had to make some important simplifications. In this section, we will compare this framework to a full suite of numerical simulations to test how well it describes the complicated behavior of a more realistic protoplanetary dust disk, where the constituent particles are growing and fragmenting upon collisions, migrating inwards due to radial drift, and at the same time being mixed and dragged along with the turbulent gas reservoir in which they are embedded. These detailed numerical simulations act as a reality check to test how well the adopted analytic simplifications hold, or whether neglected effects (e.g., particle size evolution, turbulent mixing) can cause significant deviations from the analytic results. The code used for these simulations was originally presented by Birnstiel et al. (2010) . As initial conditions, we again assume a 0.8 M ⊙ stellar host, and adopt a Σ g profile following Eq. 7, with an initial r c = 20 AU, ǫ = 0.01 (at all r), α t = 10 −3 , and disk mass of 0.01 M ⊙ . The initial particle size distribution was assumed to have a MRN-like slope, n(a) ∝ a −3.5 , between 0.1 and 1 µm. Figure 5 shows representative discrete steps in the evolutionary behavior of Σ d (r, t) and ǫ(r, t) for the full numerical simulation, broken down into approximations of the "early" (left ; 0.1 Myr) and "late" (right ; 0.1 Myr) phases to facilitate a direct comparison with the analytic prescriptions described in Sections 2 and 3, respectively, for the same initial conditions. Recall the discussion in Section 2.1 that showed how the analytical calculations for the early phase are only strictly valid for the radial range ∼120-280 AU. In the numerical simulations of the early phase, the dust-to-gas ratio in the inner disk deviates by about an order of magnitude from the analytic solution due to the onset of grain growth, an effect that was explicitly not treated in the simplified derivations of Section 2 (Appendix C). The numerical simulations also quickly form a sharp outer edge in the dust distribution at a similar location as predicted by the simple analytic solution, albeit with some differences in the details. The simulated edge is less sharp than the analytic prediction, partly due to real diffusion (because turbulent mixing is included in the simulations) but also due to numerical diffusion.
2 Moreover, unlike the analytic solutions, the numerical code does not assume a monodisperse size distribution, but rather uses an MRN-like distribution, as an initial condition. Since each particle size is associated with a distinct outer edge location (cf., Eq. 10), a size distribution naturally produces a smoother edge. In this example, µm-sized grains have drifted further inward (to ∼100 AU) than the 0.1 µm-sized grains (which extend beyond 150 AU). Beyond ∼280 AU, the growth time scales again limit the applicability of the early phase solution (cf., Sect. 2.1), which explains the discrepancies at those distances. Despite these differences, it is clear that the fundamental prediction of the analytic models -that a relatively sharp edge in the dust distribution is formed quickly and maintained on longer timescales -is reproduced with good fidelity by the more sophisticated numerical simulations.
The right-hand panels of Figure 5 show the continued evolution of the disk in the "late" phase, where we have evolved the analytic result according to the drift limited scenario described in Appendix D (cf., dash-dotted curves). There are differences in the outer edge location in this comparison, stemming from the fact that the analytical drift solution does not include the viscous evolution of the gas disk. To remedy that, we included this effect in a semi-analytical way (see Appendix F): the results are shown in the right panels of Figure 5 as solid curves. There is remarkable agreement between the shape and overall absolute values of the sur-face densities between the numerical simulations and the semi-analytic results, especially considering the amount of simplification used to develop the latter. The semianalytic results under-predict Σ d in the outermost regions of the disk, partly because we neglected diffusion in that scenario, but mainly because the simple assumption that turbulence drives the collisional (and therefore growth) timescales (i.e., Eq. 1) becomes less accurate in the outer disk: at such low densities, drift-induced relative velocities become comparatively important (Birnstiel et al. 2012 ). In addition, our (semi-)analytical models used a mass-averaged size of 0.47 µm instead of the fixed assumption of 1 µm adopted in Section 2.1. A massaveraged size is a good approximation in these calculations initially, however at later times the outer disk in the numerical simulation contains mostly smaller grains. This is why the viscous spreading of the outer edge proceeds further than in the analytical curves in Figure 5 .
DISCUSSION
We have developed an analytic framework that describes the bulk transport of solids embedded in a gasrich, viscous accretion disk during two simplified evolutionary epochs. During an "early" phase in that evolution, before dust grains in the outer disk have had a chance to grow ( 0.1 Myr), we find that the exponential taper in the gas surface densities beyond a characteristic radius (r c ) substantially boosts the radial drift velocities for particles of any size. That inward migration naturally produces a sharp edge to the dust density distribution, or equivalently a steep drop in the dust-to-gas mass ratio, in the outer disk, representing a distinct and potentially observable "fingerprint" of the drift process. The location of this edge shifts inward with time, to a limit imposed by the grain growth timescale or viscous drag in the outward-spreading gas disk. While that location depends on detailed model parameters (particularly the grain size, gas surface density, and turbulence parameter), we expect typical edge radii of ∼3-8× the initial r c (roughly 30-300 AU).
During a "late" phase of this evolution, once solid particles have grown larger (perhaps a few ×10 5 yr), we solved the transport equations under the assumption that particle sizes are limited either by the drift or fragmentation barriers (cf., Birnstiel et al. 2012) . Although the latter might be relevant initially, the decreasing dust-to-gas ratio will eventually ensure that drift is the barrier that limits particle growth in the outer disk. With this analytic prescription, we showed that the edge formed during the "early" phase is preserved, and its location does not change significantly (if the gas profile is fixed) or moves slightly outward (for a viscously spreading gas disk). A direct comparison to more sophisticated, time-dependent numerical simulations of the growth and transport of disk solids demonstrated that our simplified analytic framework faithfully captures the important features of the dust distribution in both the early and late phases.
That said, we should emphasize that this analysis does nothing to solve the "radial drift problem" (frequently termed the "m-size barrier", although "mm/cm-size barrier" is more appropriate for the outer disk): there are still fundamental issues with the derived evolution timescales that are generally inconsistent with observa- Figure 5 . A comparison between the predictions of the analytic framework (solid and dash-dotted) and the detailed numerical simulations (dashed) for the evolution of Σ d (top) and ǫ (bottom) during the "early" and "late" phases (left and right, respectively). The snapshots correspond to 10 3 , 10 4 , and 10 5 years in the early phase and to 5 × 10 5 , and 10 6 years in the late phase. The simulations confirm that a sharp outer dust edge is formed quickly in both the analytic approximation and the numerical simulations, with deviations primarily related to the added sophistication of including particle growth and an initial distribution of particle sizes. The late phase in both cases are remarkably similar, considering the simplicity of the analytic approximation.
tions (e.g., Dominik et al. 2007; Brauer et al. 2007) . One promising solution relies on pressure traps to stop or slow the radial drift of dust grains in the outer disk, generated either by turbulence or interactions with an embedded companion (e.g., Pinilla et al. 2012b,a) . Note that traps of the right strength (dlnP/dlnr ≥ 0) may present an alternative means of creating an outer edge in the dust distribution, for the same physical reasons outlined here.
The most fundamental (and perhaps obvious) conclusion from this study is that dust transport processes in a viscous accretion disk quickly modify the radial distribution of dust-to-gas ratios, ǫ(r), in the outer disk. Taking these calculations at face value, we must conclude that the typical assumption of Σ d ∝ Σ g in a protoplanetary disk is internally inconsistent. Therefore, the common practice of inferring Σ d from observations based on a parametric prescription for a viscous gas disk (like Eq. 7; e.g., Andrews et al. 2009 Andrews et al. , 2010 Isella et al. 2009; Guilloteau et al. 2011) is not supported by any physical motivation. Instead, examination of the typical dust distributions derived from solving the transport equations suggests that a more reasonable parametric approximation for Σ d (r) would be a multi-stage power-law with indices determined by the dust physics: p d ≃ 1.5 for a fragmentation-limited dust distribution in the inner disk, a smaller p d for a drift-dominated dust distribution in the outer disk, and then a steep drop (large p d ) outside of r e .
The key results from our dust transport calculations regarding the structural distributions of gas and solids in protoplanetary disks find strong, qualitative support from recent observations. A growing sample of disks have exhibited evidence for a size discrepancy in comparisons of their mm-wave emission in the CO line and associated continuum: the gas always appears more spatially extended than the dust (Panić et al. 2009; Andrews et al. 2012; de Gregorio-Monsalvo et al. 2013; Rosenfeld et al. 2013) . Radiative transfer models confirm that this discrepancy is not an artifact of limited sensitivity, or optical depth effects. The dust transport calculations described here naturally reproduce this size discrepancy, due to the steep decrease in ǫ(r) near r e created during the "early" phase of evolution. It is worth a reminder that, in the "late" phase, gas drag in the outward viscous flow can dominate drift velocities for small (µm-sized) particles that were originally confined inside r e (indeed, this effect contributes to the smearing of the edge feature in the full numerical simulations presented in Section 4). This size-sorting offers a potential explanation for the spatial segregation of mm and µm-sized grains, where the latter appear in scattered light images to be more extended (e.g., compare Weinberger et al. 2002 and Andrews et al. 2012) . Finally, very high quality mm-wave continuum emission measurements are starting to show the definitive signature of the sharp outer edge in the dust distribution that we have advocated, in the form of a distinctive oscillation pattern in their interferometric visibilities (Andrews et al. 2012; de Gregorio-Monsalvo et al. 2013) .
The emerging consensus between observations and the theoretical framework developed here makes a strong case that dust transport dominated by radial drift plays a significant role in shaping the spatial distribution of disk solids. Ultimately, sensitive, high resolution mmwave datasets should be able to place more quantitative constraints on this transport process. If observers continue to find sharp dust continuum edges and gas/dust size discrepancies in nearby disks, the combination of such measurements could in principle be linked to the key parameters r e and r c , and thereby indirectly to ǫ(r) (which would help guide any revisions to transport simulations). Making a direct link between our simulations and observations is unfortunately complicated by the radial size-sorting that is also naturally imprinted by grain growth. While the total dust mass is confined within r e , the larger grains traced by radio interferometers are expected to be preferentially located at even smaller radii. In practice, some further development of our calculations and a link with radiative transfer models will be required to quantitatively aid the interpretation of mm/cm-wave continuum emission. With the start of science operations with the Atacama Large Millimeter/submillimeter Array (ALMA) and the recent upgrade of the Karl G. Jansky Very Large Array (VLA), the prospects are excellent for continued progress on this topic.
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